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Please send all your answers to each tutor-marked assignment (TMA), together 
with an appropriately completed assignment form (PT3), to reach your tutor on or 
before the appropriate cut-off date shown above. (NB. TMA 01 is an exception 
to this general pattern; please see the instructions on page 2.) 


You will find instructions on how to fill in the PT3 form in the current Student 
Handbook. Remember to fill in the correct Assignment Number as listed above and 
allow sufficient time in the post for each assignment to reach its destination on or 
before the cut-off date. 


The marks allocated to each part of each question are indicated in brackets in the 
margin. 


Your attention is drawn to Section 7.7 of the Student Handbook, which reads as 
follows: ‘A TMA with a cut-off date before 1 October will not be marked, in any 
circumstances, if it is submitted later than 1 October. A TMA with a cut-off date 
on or after 1 October will not be marked, in any circumstances, if submitted after 
its cut-off date.’ 


Notes 


The phrases state and write down in a question mean that no explanation of your 
answer is required; in all other cases you should give an appropriate justification of 
your solution. 


In answering assignment questions, unless the question expressly forbids it, you may 
use, without proving them, any results proved in the course, including the solutions 
to problems, in any of the units up to and including the unit in the question’s 
heading. You may not quote any result which is not proved until a later unit of the 
course. You should, whenever you quote a result, be careful to state clearly which 
result you are using, how you are using it, and why it is appropriate to use it. 
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TMA M433 01 Part 1 Cut-off date 9 March 1995 


Questions 1 and 2 below, on Units 1 and 2 of Block I, form Part 1 of Tutor-marked 
Assignment M433 01. The remainder of the TMA (Part 2), on Units 3, 4 and 5, 
can be found immediately following Question 2 in this booklet. 


Please send your answers to Questions 1 and 2 to your tutor, along with an assign- 
ment form (PT3). Be sure to fill in the Assignment Number on this form as 


M433 01|. 


Your tutor will mark and comment on your solutions to Questions 1 and 2, and 
will send your script back to you directly to give you some early feedback on the 
course. He or she will retain your PT3 in order to enter your marks for the rest of 
this assignment on it. The form will then be sent to you via Walton Hall, so that 
your mark can be recorded. 


Question 1 (Unit 1) — 20 marks 


Throughout this question, I denotes the subring {(2m, 3n) : m € Z,n € Z} of the 
ring Z”. (You may assume, and therefore do not have to prove, that Z° is a ring.) 


(i) Prove that J is an ideal of Z’. 
(ii) Express each coset of J in Z’ in the form z + I for a suitable element z of Z?. 


iii) Denoting each coset of I in Z? by a single symbol, write out the multiplication 
& p 
table of the quotient ring Z?/I. Deduce from the table that Z?/I is not an 
integral domain. 


(iv) Given that Z?/I is isomorphic to Zę, describe an isomorphism ¢ from Zę to 
Z?/I by giving the value of ¢(n) for each n € Ze. (You are not required to 
prove that your ¢ is an isomorphism.) 


Question 2 (Unit 2) - 20 marks 
Let F be the set of expressions of the form 
a+ ba + ca’, 


where a,b,c € Z2. Two elements a; + bia + c1Q?, az + boa + c2a? of F are equal 
if and only if a = ag, bı = bz and c, = cz. Addition and multiplication in F are as 
in Zp, with a behaving like an element of Z2 except that @ = œ + 1. For example, 


(l+a)+(1+a0*)=a+0?, 
l+a 1+a? =l+tata’?+a? 
( ) 


=l+ata’?+a41 


=Q. 


You may assume that, with these operations, F is a field. 
(i) What is the prime subfield of F? 
(ii) What is the characteristic of F? 


(iii) How many elements are there in F? 


In parts (iv), (v), (vi) and (vii), give a brief justification for each answer. 
(iv) Is F isomorphic to Q, the field of rational numbers? 
(v) Is F isomorphic to Zg? 
(vi) Is there a homomorphism from F onto Z3? 
(vii) Find all the ideals of F. 
(viii) Prove that the function ¢: F — F defined by 
gu) =y? 

is an automorphism of the field F. 

(ix) Write down an automorphism of F different from ¢. 


(x) Using Lagrange’s Theorem, or otherwise, show that F has only two subfields. 


—————— 


TMA M433 01 Part 2 Cut-off date 27 April 1995 


Questions 3, 4 and 5 below, on Units 3, 4 and 5 of Block I, form the last part of 
Tutor-marked Assignment M433 01. 


Your overall grade for TMA 01 will be based on the sum of your marks for all five 
questions in Parts 1 and 2. 


Please send your answers to Questions 3, 4 and 5 to your tutor, who should have 
kept the PT3 for this assignment so that there is no need to send another. (If your 
tutor has returned your original PT3 by mistake with your answers to Questions 1 
and 2, send it back with your answers to Questions 3, 4 and 5.) You will eventually 
receive your copy of the PT3, completed by your tutor, along with your answers to 
these questions. 


Question 3 (Unit 3) -— 20 marks 
Let f and g be the polynomials in Q[¢] defined by 
f(t) =1 -t + 30? — 6t +3, 
g(t) =? = 1. 
(i) Find an hef d of f and g, and find polynomials u and v in Q[t] such that 
d=uf+vg. 
(ii) Express f and g as multiples of d. 


(iii) Which of the following five relationships between ideals are correct? Briefly 
justify your answers. 
(F) E (d) 
(F) E (9) 
(d) € (9) 
(f,9) E (F) 
(f,9) = (d) 
(iv) Explain clearly why g+ (f} does not have a multiplicative inverse in the 
quotient ring Q[t]/(f}- 


[2] 


[2] 


Question 4 (Unit 4) - 20 marks 
Here V is the vector space over Q consisting of all polynomials in Q[t] with degree 
at most 4; W is the vector space over Q with basis B = {1, a, a”, i, iœ, ia?}, where 


i? = —1 and a is the real cube root of 2. (You may assume that the members of B 


are linearly independent over Q.) Let 6: V — W be the function defined by 
4 4 
$: Yat RS Ta 
r=0 r=0 
(i) Write down ¢(t? + 3t + 2). 


(ii) Show that ¢ is a linear transformation. 


(iii) Write down an ordered basis B’ for V, and the matrix of ¢ with respect to BY 
and B, with B ordered as above. 


(iv) Find a basis for the image of ¢. 

(v) Write down dim(Im(¢)), and hence find dim(Ker(¢)). 

(vi) Find a basis for the kernel of ¢. 

For the final part of this question, you may assume that W and Im(¢) are fields. 
(vii) Find the degree [W : Im(¢)] of W over Im(¢), justifying your answer briefly. 


Question 5 (Unit 5) - 20 marks 
Let K be the field Q(v5) and let L be the field 
L = K(V3) = Q(v5, V3). 
(i) Find [K : Q], justifying your answer. 
(ii) Show that V3 EK. 
(iii) Find [Z : QJ, justifying your answer. 
(iv) Prove that Q(V/5 + V3) = L = Q(V5, V3). 
(v) Find the minimum polynomial of V5 + V3 over Q, justifying your answer. 
(vi) Write down values of a € Z, not equal to 5 or 3, such that 
(a) [Q(V5+ Va) :Q] = 2; 
(b) [Q(v5 + Va): Q)=4. 


A DD A bw N 


TMA M433 02 Cut-off date 8 June 1995 


All four questions on this assignment will be used for assessment purposes. 


Question 1 (Unit 6) - 25 marks 


Let G be the dihedral group Don, of order 2n, and let R C G be the cyclic subgroup 
consisting of all the rotations in G. Let a,b € G be such that (a) = R and b ¢ R. 


(i) Write down the order of b and the order of R. 

(ii) Find b-1ab. 

(iii) Let a” be an element of R which is in the centralizer of b (i.e. a”b = ba”). 
(a) Show that a” = a7”, and hence that 2r is divisible by n. 


(b) Hence show that there are at most two such elements a”. 


NWN 


a 


(iv) For each of the following five values of n, find Z(G), the centre of the dihedral 
group Don: 


n= 2, 4, 7, 103, 150. 


Question 2 (Unit 6) - 25 marks 
(i) Write down the centres of the groups V and S3. 


Let G be a group and let Z(G) be its centre. We say that G is central-by-abelian if 
and only if the quotient group G/Z(G) is abelian. 


(ii) Let H = Z(G) and let N be any normal subgroup of G. Prove that HN/N is 
a subgroup of the centre of G/N. 


(ili) Which, if any, of the groups V, $3, Dg is central-by-abelian? Justify your 
answer. 


(iv) Prove that if a group G is central-by-abelian and N is a normal subgroup of G, 
then the quotient group G/N is also central-by-abelian. 


Question 3 (Unit 7) - 25 marks 

The polynomial f in Q[t] defined by f(t) = t? — 3t — 1 has a zero a in R. 
(i) Show that f is irreducible in Q[é]. 

(ii) Let @ = 2 — a?. Show that £ is a zero of f in R. 

(iii) Show that 2 £ a. 


(iv) Write down [Q(a) : Q] and an expression for the general element of Q(a) in 
terms of a and elements of Q. 


(v) Let y be the third zero of f in C. By expanding (t — a)(t — )(t — y), show 
that a+ + y~=0. Hence find an expression for y in terms of a, and show 
that f has three distinct roots, all in R. 


(vi) Show that the order of the Galois group G = [(Q(a) : Q) is 3, and write down 
the value of (a) for each ¢ in G. 


(vii) Use your results from part (vi) to determine, for each ¢ € G, the image under ¢ 
of a general element of Q(a), expressing your answers as polynomials in œ of 
lowest possible degree. 


Question 4 (Unit 8) - 25 marks 
(i) Show that Q(V5) : Q is a normal extension. 


(ii) Show that Q( Y5) :Q is not a normal extension for any integer value of n 
greater than or equal to 3. 


(iii) Let the complex number ¢ be a primitive nth root of 1; that is, 
¿° =1, but if0<m<n then (" £1. 
Prove that the extension Q(¢) : Q is a normal extension. 


(iv) Let L = Zo(x), where Z2(z) : Zz is a simple transcendental extension, and let 
K =Z,(2?). 


(a) Show that K : Z3 is a simple transcendental extension. 
(b) Show that the minimum polynomial of x over K is t? — z?. 


(c) Hence show that L: K is a simple algebraic extension but is not a sepa- 
rable extension. 


———— eee 


[11] 


[4] 


[10] 
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TMA M433 03 Cut-off date 3 August 1995 


All four questions on this assignment will be used for assessment purposes. 


Question 1 (Unit 9) - 25 marks 
Throughout this question, f is an irreducible cubic polynomial in Qi). 


(i) Prove that if the complex number 7 is a zero of f, then its complex conjugate 
7 is also a zero of f. 


Let the zeros of f in C be a, 2, y, and let L = Q(a, 2, y). Let o : L — C be defined 
by o(x) = 7. 


(ii) Prove that o(L) C L and that L C o(L). 
(iii) Hence, or otherwise, show that ø: L — Lisa Q-automorphism of L. 
(iv) Show that if the zeros a, 8, y are not all real, then: 

(a) T(L :Q) has a subgroup of order 2; 

(b) there is a subfield K of L containing Q such that [Z : Keg 

(c) [Z : Q] is divisible by 6; 


(d) Q(qa) : Q is not a normal extension. 


Question 2 (Unit 10) - 25 marks 


The field N is the normal closure of L: Q in C, where L = Q(q) and a is the real 
fifth root of 7. 


(i) Find [Z : Q] and |[(L: Q)|. 
(ii) Find the number of Q-monomorphisms from 
(a) L into R; 
(b) L into N; 
(c) Linto C. 
(iii) Prove that N = L(8), where 8 = 27/9. 
(iv) Show that [Q() : Q] = 4, and hence that [N : Q] is divisible by 20. 
(v) Show that [N : Q(8)] < 5, and hence that [N : Q] = 20. 


Question 3 (Unit 11) - 25 marks 

Let e = e?7i/8, You may assume that the minimum polynomial of ¢ over Q is t4 + 1. 
(i) Prove that Q(e) is a splitting field for t* + 1 over Q. 

Let G be the Galois group T(Q(e) : Q). 

(ii) Find all the members of G. 

(iii) List all the subgroups of G. 

(iv) How many subfields does Q(e) have? Justify your answer. 


(v) Find all subfields of Q(e), expressing your answers in the form Q(z), for suit- 
able elements x of Q(e). 


SB fs BX 


[5] 


Question 4 (Unit 12) - 25 marks 


The soluble length, I(G), of a soluble group G is the smallest (non-negative) integer 
n such that G has a finite series of subgroups 


tE GC Gi CC Grag 
such that 
(1) Gi 4 Gi41 and (2) Gj41/G; is abelian, fori=0,1,...,n—1. 


(i) Find (C6) and (S3). 4 
Gi) A soluble group G has a proper non-trivial normal subgroup N. By considering 
Theorem 13.2 and its proof, or otherwise, prove that 
(a) UN) < XG), 5 
(b) UG) < (N) +I(G/N). 6 
(iii) Give examples to show that amongst soluble groups G and proper non-trivial 
normal subgroups N: 
(a) both cases I((N) < (G) and I(N) = I(G) occur; 4 
(b) both cases I(G) < I(N) +I(G/N) and I(G) = (N) + (G/N) occur. 6 
TMA M433 04 Cut-off date 28 September 1995 
On this assignment you should answer only TWO questions; both of these will be 
used for assessment purposes. 
Question 1 (Unit 13) - 50 marks 
Determine whether or not each of the following may be constructed using just a 
straight-edge and compasses. Justify your answer in each case. 
(i) A cube with volume seven times that of a given cube. 9 
(ii) An equilateral triangle equal in area to a given square. 9 
(iii) An angle of 7/170 radians. 9 
(iv) An acute angle æ such that cos(a) = $. 9 
(v) The point with coordinates (0,«), where 
(a) r= ¥, 7 
b) z= V+ v7. 7 
The points (0,0), (1,0) and (0,1) are given. 
Question 2 (Unit 14) - 50 marks 
(i) Show that the following polynomials are not soluble by radicals over Q. 
(a) &— 48242 [15] 
(b) t — 1085 + 15t+5 [20] 


(Hint: Differentiate more than once if necessary.) 


(ii) Find a quintic polynomial which is irreducible over Q but is soluble by radicals 
over Q, fully justifying your answer. 


[15] 


Question 3 (Unit 15) -— 50 marks 

Let K be the field of order 16 and let m be the polynomial in Z.[¢] defined by 
m(t) =t*+t41. 

(i) Prove that m is irreducible over Z3. 


(ii) Prove that there is an element a in K such that œ has a minimum polynomial m 
over Zə and K = Z2(a). 


(iii) Show that there is an automorphism o of K such that o(a)=at+l. 
(iv) Show that the field {ø}? has 4 elements. 


Question 4 (Unit 16) - 50 marks 


(i) Consider the following statements about ordered fields. For each one, say 
whether the statement is true or false, justifying your answer with either a 
short proof or a counter-example. 

Statement (a) If K is an ordered field and k € K, then k? > 0. 
Statement (b) If K is an ordered field, then K is infinite. 


Statement (c) If K is an ordered field, then every field L that is a finite 
extension of K is ordered. 


Statement (d) If K is an ordered field, x € K and x > 0, then z = k? for 
some k E€ K. 


Statement (e) If K is an ordered field, then every polynomial of odd degree 
in K[t] has a zero in K. 


Statement (f) If K is an ordered field and P = {k € K : 0 < k,0 Æ k}, then 
x,y € P implies zy € P. 


(ii) (a) Show that if an algebraic extension of a field K is simple, then it must 
also be finite. 


Consider now the field B = A N R, where A is the field of algebraic numbers. 
(b) Show that B : Q is an algebraic extension but B is not algebraically closed. 


(c) Show that for each integer n > 0, Q( V2) is a subfield of B such that 
CYD :Q] =n. 


(d) Deduce that B : Q is not a simple extension. 


(e) Show that for any a,b E€ B, Q(a,6): Q is a simple extension. 
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